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0. Introduction. 

This article is dedicated to the study of p-adic analytic continuation of the unit root F- 
subcrystal of a logarithmic F-crystal in the open tube of a singularity. We will show how the 
possibility of extending that unit root crystal as a non-singular crystal in more singular classes, 
originates non-trivial formulas of analytic continuation of classical functions. As Katz puts it in 
[Ka] , this should be considered a formula of analytic continuation par excellence. We improve on 
Katz' treatment at least in that we allow logarithmic singularities. A typical example of a formula 
of this type is the Koblitz-Diamond formula [Ko] , [D] , for the analytic continuation of the function 
T{a, b, c; A) [p-DE IV] related to the classical Gauss hypergeometric function F(a, b, c; A), for a, b, 
c £ Z p , c ^ Z^o- We recall that, for any (a, b, c) E (Z p ) 3 for which it makes sense, 



s=0 



where, as usual, we use Pochammer's notation (a) s — a(a + 1) . . . (a + s — 1). The function 
F(a, b, c; A) is the maximal p-adic analytic extension of the ratio 

F(a ' 6 ' C;A) El + AQ P [A] 



F(a',b',c';\P) 



where for a E Z p , a' E Z p is uniquely defined by the condition that pa' — a = fx a £ {0, 1, . . . ,p — 1} 
(We also recursively define = a, and a^ l+1 ^ = (a*^)', for £ = 0,1,.. .). The Koblitz-Diamond 
formula asserts that if c"> £ Z£ and /i c (») /i a (i) + /i b (i> for any i = 0, 1, . . ., then J-(a, b, c; A) 
extends analytically to the open disk of radius 1 around A = 1 and 



F{a, b, c; 1) 



Tp(c)T p (c - a - b) 
T p (c - a)r p (c - b) 



(where T p denotes the Morita p-adic gamma function), see [D], and [Ko] for c = 1. A similar 
discussion, in the non-singular case, appears in [Ba], where it is used to explain a formula of Young 
[Yo]: If /i a (o ^ < p— 1, /i (») even, and 2fx b (i) — fi a (i) ^ p— 1 for alH £ N then T(a, b. 1+a — b; A) 
admits an analytic extension to the class of —1, and 

T{a: 6 , i + a _ 6; _i) = (_)<* ^ (f ) ^ ( b - f ) 



Tp(a)T p (b - a) 



The original paper by Young needs the further condition that a, b be rational (so in — ^Tj- Z, for 
some / £ Z^i). The generalization and the interpretation in terms of unit- root -F-subcrystal is 
given in [Ba]. 

The reader may have noticed already that our discussion goes beyond the classical theory 
[Ka] of F-crystals, even if extended to the framework of logarithmic schemes [Sh]. What we are 
really dealing with is a Dwork family of (filtered, logarithmic) F -crystals: a structure which was 
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introduced by the first author in lectures at a p-adic Summer School held in Trento in June 1995, 
inspired on Dwork's treatment of hypergeometric differential modules [GHF] . Since those lectures 
have unfortunately remained, as of today, unpublished, we quickly define Dwork families of F- 
crystals in section 2 below, with the promise of making available a more satisfactory treatment as 
soon as possible. The main point is that our (logarithmic) crystals M(a, b, c) on, say, the formal p- 
adic base X = P := p-adic completion of , with the log-structure induced by the three Zp-points 
{0, l,oo} (or X = Spf Z p {A, X (i-\) }, if one prefers to avoid singularities) depend on parameters 
a, b, c in Z p , and Frobenius is a horizontal transformation F{ip) : ip*M(a',b',c') — ► M(a,b,c), 
where ip is some lifting of the absolute Frobenius to (some open subset of) X. This is reminiscent 
of Mazur's theory of F-spans [Mz], but differs from it in one crucial point. The underlying Ojy- 
module of M(a, b, c) is here independent of a, 6, c, while the connection V a ,6,c varies with the 
parameters. In that respect, the hypergeometric M(a, b, c) is simply C|, and we will always 
express the connection and the Frobenius map in terms of this trivialization. This choice of global 
basis for the hypergeometric module, is also compatible with the filtration, which however varies 
with (a, b, c) (morally, with (a, b, c) mod p). When a, b, c are rational numbers, say in (p? — 1)~ 1 Z, 
after / steps Frobenius gets us back to M(a,b,c), and an f-th iterate of Frobenius becomes the 
standard scmilincar automorphism of classical F-isocrystals, with respect to <pf . 

The notion of a Dwork family of F-crystals is actually taken to be more flexible than what we 
just said. According to Dwork's taste, we want to allow for integral translations of the parameters 
a, b, c, to reflect the existence of Gauss' contiguity relations on classical hypergeometric functions 
[Po] , [GHF] , [Bo] , [Ku] , [Ba] . These relations can be used in great generality to determine the finite- 
difference equation behavior of the Frobenius matrix, and they determine its shape, at least under 
the assumption that that matrix be p-adic meromorphic as a function of the parameters a, 6, c in 
Z p . This assumption is known as the Boy ar sky principle, and is know to hold for hypergeometric 
functions [GHF, 4.7.1]. The matrix ^ v \a,b;X) used in this article is the one of [Bo, 3.1] and 
[Ku, 1.12.3]. (When a = (a,b,c) G Z|, b = (a',b',c') and (p(X) = X p , it coincides with the matrix 



4.7.1] and the one of [LDE, 4.5.1] is given in [Ba, 2.21]. We use this finite-difference method in the 
appendix to provide an alternative calculation of the dominant polar term of the Frobenius matrix 
in the singular classes at and 1. 

The main assumption in this paper is the splitting of the Frobenius matrix of the hypergeo- 
metric family in the following cases [LDE, 6.6]: 

(1) n c < min(p a , y u b ), 

(2) fi c > max(^ a , fi b ). 

If a, 6, c are rational, this type of condition leads to the existence of a unit root F-subcrystal (of 
rank one) of the logarithmic F-crystal of rank two associated to the hypergeometric system. 
The p-adic theory of the hypergeometric system 



has been deeply investigated by Dwork [LDE]. The explanation of the Koblitz-Diamond formula 
preliminarly requires the calculation of the eigenvalues of Frobenius operating on the eigenvectors 
of classical monodromy in the class of a single logarithmic singularity. For this calculation to make 
sense, we must ensure the convergence of the uniform part of the classical fundamental solution 
matrix at the singular points in an open disk of radius 1. This forces us into a rather bizarre domain 
for (a,b,c) G Z^, ensuring that all exponents and exponent differences of our differential system 
consist of p-adically non-Liouville numbers. The standard transfer theorems of p-adic analysis can 
then be applied [Ch], [BC2], [DGS, Chap. 6]. For the hypergeometric system, the singular class 
of 0, and with further restrictions on (a, b, c) {e.g. that they be in (Z p n Q) 3 ), this is the difficult 
computation of chapters 24 to 26 of [LDE] . 

To transfer that information to the class of, say, 1, one must understand sufficiently well the 
action of Mobius transformations on the solutions of the hypergeometric equation. This action 




of [LDE, 4.5. 



1]). The precise relation between the Frobenius matrix described in [GHF, 
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has also been analysed by Dwork in [Ku], a remarkable paper that adds also to the classical 
cohomological understanding of the Kummer transformations, and determines the effect of those 
transformations on the Frobenius matrix. We need to complement section 4 of [Ku] with a more 
flexible formula for the changes in the Frobenius matrix. 

For simplicity, we will further assume in our calculations that the monodromy at and 1 is 
semisimple as in [LDE, Chapter 25]: this assumption does not affect the final result. One can in 
fact similarly extend the results of [LDE, Chapter 26], to cover the case of logarithmic solutions. In 
any case, our method proves the Koblitz-Diamond formula under the slightly modified assumptions 
min(/i a( ,) , /j, m ) > and /z c(i) > fj, aW + fj, bW for any i = 0, 1, . . .. 

The main point of this article is computational. We realized that, while waiting for a more 
systematic exposition of the general ideas, recalled above, we were risking to forget about some 
difficult computations we had previously made to support our ideas. We therefore decided to store 
those computations in these proceedings, and at the same time to make them available to any 
willing colleague. 

Contents. 

1. Filtered logarithmic F-crystals. 

2. Dwork families of logarithmic .F-crystals. 

3. The hypergeometric family. 

3.1 Determination of the Frobenius matrix. 

3.2 The unit root subcrystal. 

3.3 The Koblitz-Diamond formula. 

4. Appendix: determination of Frobenius eigenvalues via modular relations. 

1. Filtered logarithmic F-crystals. 

1.1. Notation. Let K be a complete discrete valuation field of mixed characteristics 
(0,p) with perfect residue field k, and let V denote its ring of integers. We denote by | | the 
absolute value of K, normalized by \p\ = p~ x ■ For simplicity we will assume here that V = W(k) 
is absolutely unramified, and we will denote by a : V — > V the Frobenius (and its extension to K). 

1.2. Let X be a smooth p-adic formal scheme over of finite type over Spf V, and D be a 
divisor in X with strict normal crossings relative to V. The pair (X, D) defines a fine log scheme 
(X,Md) in the sense of Fontainc-Illusic and Kato [KK], over Spf V endowed with the trivial log 
structure. It reduces modulo p to a similar pair (Xk, Dfc). In local etale coordinates (xi, . . . , x n ), 
we may assume that the ideal sheaf Id of D is generated by x\ - ■ -Xd, and that the sheaf of log 
differentials fi^-(logD) = Q,l x D -. admits the O^-basis . . . , dxd+i, • ■ • , dx n . We denote by 

Sd the Ox-algebra 0j^ o -^D J ■ For any formal scheme T over Spf V, T a will denote the formal 
scheme over Spf V obtained by the base change a. Similarly, for an Or-modulc £ (with connection 
V), E a will denote the 0T"-module (with connection V CT ) obtained by the base change a. 

1.3. Definitions. A logarithmic crystal on (X,D)/V consists of 

(a) a finite projective O^-module £; 

(b) an integrable logarithmic connection V : £ — > 8 (Eu f2^-(logD). 

The logarithmic crystal (£, V) on (X,D)/V is convergent if the following convergence condition 
holds: 

(c) for any e > 0, and any section e of £ over a coordinate domain (U, x\, . . . , x n ), the section of 
£ defined by 



converges to when Ej/Uj goes to oo. Here the operators V, arc defined by the formula 



A (resp. convergent) logarithmic crystal (£, V) on (X, D)/V is filtered if it is equipped with 




V(e) = £iV<(e)«ja. 
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(d) a decreasing and finite nitration, exhaustive and separated, {Fif£}i by local direct factors of 
£ satisfying the Griffiths transversality V(Fif£) C Fil i ~ 1 £ ® Q x (logD). 

For / G Z^i, a lifting of the /-th order relative Frobenius of Xk to the log scheme (X, D) is 
a lifting 93/ : X — > I" of the /-th order relative Frobenius of Xfc (coming from the /-th iterate 
of the standard Frobenius) adapted to the divisor D, i.e. such that tp*jD af — pi D. So, in terms 

of local coordinates as above, for any i one has ipf(xi) = up to units in O x . When / = 1, we 
avoid mentioning /. 

A logarithmic F -crystal over (X, D)/V for the /-th order Frobenius, is a convergent logarith- 
mic crystal (£, V) over (X,D)/V, together with the assignment, for any local lifting of the /-th 

order Frobenius ipf : U —> U a , adapted to D n U, to an open formal V-subscheme U of X, of a 
horizontal (Son^-linear monomorphism 

F{<p f ) : <p){S D ® £, V)^, - (5 D ® £, V)|u 

which becomes an isomorphism when tensored with K. (Notice that V induces a logarithmic con- 
nection on Sd®£, and that ipf extends to a morphism of ringed spaces (U, Sonu) — > (U, SnnuY ■) 
We say that (£, {FiP £}i, V, F) is a filtered logarithmic F '-crystal over (X,D)/V for the /- 
th order Frobenius, if (£, V, F) is a logarithmic F-crystal over (X,D)/V for the /-th order 
Frobenius, and (£, {Fif £}j, V) a filtered convergent logarithmic crystal over (X,D)/V. Then, 
(£, {FiP£ }i, V, F) is divisible if, for any i, 

F(<p f ) (f f {Fi?e° t ) w .,) Cp\S D ®£) w . 

(In our application, the stronger condition 

F(<p f ) (v* f (Fil i £° , ) luaf ) cpl\S D ®£) w , 

will be considered, at the expense of the strength of our results.) We omit the natural extensions 
of the previous definitions to a relative situation (X,D)/S, where S is a formal p-adic scheme, 
smooth and of finite type over Spf V and D is a divisor in X, with strict normal crossings relative 
to S. In the present discussion however a logarithmic crystal on (X, D) / S will rarely be convergent 
in the natural relative generalization of this notion. This is because the points of S will play for 
us the role of variable "exponents of monodromy" rather than the one of rational parameters as 
in the theory of Picard-Fuchs equations. 

1.4. Let (£, V, F) be a logarithmic F-crystal over (X,D)/V for the /-th order Frobenius, 
and let us assume, for simplicity, that X is of relative dimension 1 over V, with coordinate x, 
and that D consists of a finite set of V- valued points x — t\, . . . ,t r , with ti G V. In particular, 
as a topological space, D consists of a finite set of k- valued points x = t\, . . . ,t r , for the reduced 
coordinate x. We recall the bounded Robba ring Tt X ti °f X at *»> which is the ring of Laurent 
series X^jez a j( x — '> wrtn aj G V, converging in some annulus e < \x — U\ < 1. Then, according 
to [Ke, §4], one can develop Dieudonne theory over 7Z X t ' an( ^ consequently define the notion of 
special Newton polygon of (£,V,F) at ti, that is over TZ x j.. So, combining this result with the 
classical theory of Newton polygons of F-crystals [Ka], we associate to (£, V, F) a Newton polygon 
at each A:- valued point of the fc-scheme Xk, where k denotes the algebraic closure of k. We will 
say that (£,V,F) is a unit root logarithmic F-crystal over (X,D)/V, if its Newton polygon is a 
horizontal segment at any k- valued point of the fc-scheme Xk- 

1.5. We will give an example of the following reasonable generalization of [Ka, 4.1], whose 
proof does not seem to appear in the literature. We plan to give full details elsewhere. 
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Theorem. Let (£,{Fil 2 £ = C Fi^S C Fil a £ = £},V,F) be a divisible F-crystal 
for the f-th order Frobenius on (X,D)/V, with a two-step filtration. Assume X is of relative 
dimension 1 over V, and that at every k-valued point of Xk, its Newton polygon begins with a side 
of slope zero, always of the same length v ^ 1 (i.e., point by point, the unit root part has rank v) 
and that £jFil x £ is of constant rank v. Then there exists a logarithmic unit root F -sub-crystal 
(U, V, F) C (£ , V, F), whose underlying module U is transversal to FiFE (i.e. £ = U © FiFS). 

2. Dwork families of logarithmic F-crystals. 

This section is an abstract formulation of the theory of generalized hypergeometric functions 
of [GHF] and [Ad]. 

2.1. Let (X, D) be as in the previous section, and let H = Spf Z p {ai, . . . , a r }, (Xh, Dh) = 
(X, D) x H, with projections px ■ Xh — ► X and pn '■ Xh — > H. The coordinates oi, . . . , a r will 
play a special role in what follows, together with a finite set of linear forms C = {l\(a), . . . , £/v(a)} C 
Z[ai, . . . , a r \. 

We will assume that the system of inequalities £i(a) ^ 0, for i = 1, . . . , N, defines a rational 
polyhedral cone Cc of dimension r in M r , and that, for any i, £i(a) = is a 1-codimensional 
face of Cc, and £i(Z r ) = Z. A meromorphic function on an open formal V-subscheme of Xh 
will be assumed to have a finite set of polar hypersurfaces of the form p x 1 (D) and of the form 
p H (li(a) = j), for i = 1, . . . , N and j G Z. So, in local coordinates (x\, . . . , x n ) over an open 
formal subschemc U of X, with D n U = V(x\ ■ ■ ■ xj), a meromorphic function g on U x H will be 
a quotient of a section h e r({7 x Ox H ), by an expression of the form x" 1 • • • x^ d f\ i ■ (£i(a) — j). 
We will loosely talk about meromorphic structures on Xh in that sense. 

2.2. Let £ be a locally free Ox-niodule of finite type, £ = p* x £o, {Fif£}i be a filtration 
of £q by local direct factors, and let V be an integrable (Xh, Z?_sf)/-ff-connection on £, such that 
(£, {FiP £}i, V) becomes a filtered logarithmic crystal over (Xh,Dh)/H. We will replace the 
relative convergence condition by the following weaker convergence condition 

(c') For any a £ H(Q n Z p ) (£ 3 , {(Fif f ) s } 4 , V s ) = o*(5, {Fif £ } h V) is a filtered convergent 
logarithmic crystal. 

2.3. For u e G£(Z), we denote by 

o~u '■ H — ► H 
the translation mapping a i — > a + u, inducing 

= idx x <7 5 : X ff — > Xh ■ 
We assume the existence of horizontal meromorphic isomorphisms 

6 s :(f,V)^<-(f,V) 

such that for u, v G (Z) 

We will assume that for p 6 Z r H Cc, the only poles of the map bs be along D. To be more 
precise [GHF, Conjecture 6.3.1], [Ad, Thm. 8.1], we may consider the natural map of ringed 
spaces qx ■ (Xh,P* x Sd) —* Xh- Then, we will assume that, for u 6 17 n Cc, &« is a honest 
morphism 

& a :gi(£,V)— ►&aS(£,V), 
and that det &s vanishes if and only if 

N 

11(4 («))*(«) = o. 

t=l 
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2.4. For p G 7ZT and p = p~ s , s G l^o, wc define D(— p, p) to be the formal counterpart 
of the closed analytic disk D(—j2,p) — {a G C£ | |dj + ^ p, Vi = f , . . . ,r}, that is the formal 
V-subscheme of H 

®>(-p,P) = Spf V{ai, ...,a r ,bt,.. .,b r }/(p s b 1 - ai - pi,.. ■ ,p s b r - a r - p r ) . 

For p < 1, there arc natural morphisms 

Tp:®(-ji,p) ^B(6,pp) 
a + p 
P 

Notice that for any p,u,v G G„(Z) 



Let U be an open formal subscheme of X and tp : U — > U a be a cr-linear lifting of Frobenius 
adapted to U (ID. We consider the map 

Lpxrp-.Ux D(-p,p) — >U a x B(6,pp) 

a + p 



(x, a) i — > ip(x) 



P 



We assume that for each (U,ip), p G p z<0 , and p G Z r , as before, there exists a meromorphic 
morphism of logarithmic crystals over (U x D(— p, p),D x B(—p, p))/H(—p, p) 

F(ip,p) : (ip x Tjx)*(£ a )\ Ux o(-p, P ) — > £\uxB(-p, P ) ■ 
The previous data should satisfy 

at(F(<p,pu-v + p)) o x Tji)*(65) = b d oF{^,p) . 
What this simply means is that the map F(y>, p) may be coherently regarded as a system of maps 
F(<P,tf)(x,a) = F(a,b;x,<p(x)) : £$ >ip{x)) ~> %,*) , 

for any, say, V- valued points (x, a) of U x D(— p, p) and (<p(x), b) of U a x D(0,pp), with pb — a = 
ft G Z r . It will also be sometimes convenient to use the notation F(<p; a, b; x) or F(ip; a, b) for that 
map. From the viewpoint of p-adic convergence, our condition means that the matrix (a, 6; x) 
expressing F(ip; a, b; x) in terms of a global basis of £q, is p-adically meromorphic in the variables 
(a, b; x), for fixed ft = pb — a in IT and b G D(0, 1). 

A more precise meromorphy condition, satisfied for generalized hypergeometric functions 
[GHF, 4.7.1], [Ad, 9.12], is that the polar locus of F(ip,p) should be contained in the union of 
p x 1 {D) and of the zero locus of the determinant of the map (ip x Tp)*(b$), where v G IT n Cc is 
such that 

z r n(v-^ + c c )cC c . 
p 

In particular, [GHF, 6.13.2], [Ad, 9.14], if ft G IT n C c , and i^p) < p - 1, for any i = 1, . . . , N, 
then F(<p, p) is a honest morphism 

F((p,p) ■ {(<p X Tp)*(q x £Y)\ Ux n(-p,,p) > {q* x £)\UxD(-p, P ) ■ 
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2.5. Definition. A set of data (£, {FH l £}i, V, {ba}u, F) as before, will be called a Dwork 
family of filtered convergent logarithmic F -crystals on X, parametrized by H, with set of singular 
forms C, on (X,D)/V. 

2.6. The notion of divisibility for Dwork family of filtered F-crystals (£, {FiP£}i, V, {&«}s, F), 
is perhaps a little unexpected. It first requires that the filtration {Fil l £ }j is constructed in the 
following way. Let A = {ft} be a set of representatives of ii(Z p ) modulo p. Therefore 7J(Z p ) is 
the disjoint union of E>(— ft,p ), for fl G A. We will assume to be given a family, indexed by 
fl G A, of filtrations {.FiZ^£o}i of £0 by local direct factors. We assume that, for all i and fl, on 
X x D(— fijp^ 1 ), FiP£ coincides with the inverse image via the first projection of Fil l ^£ - 

The Dwork family will then said to be divisible if, for any i, any fl G Z r , and any p = p~ s < 1, 

F(<P,fl (((<£ X ^)*(FjTf)")|C/xD(-^p)) C^fef)| C/xD( _^ p) . 

2.7. Let (£, {Fif f }i, V, {&{r}s, F) be a Dwork family of logarithmic convergent filtered F- 
crystals on (X,D)/V, parametrized by H = Spf Z{ai, . . . , a r }, with set of singular forms C = 

Now, for a G Z p , let us choose two sequences G Z p and /jM G 27, i = 0, 1, . . ., so that 
al°l = a, and pa[ l+1 l — = fft- l \ for any i. One possible choice is a' 4 ' = aW = (a^\ . . . , a^) and 
= = 0\«, • • • , M w)j as defined in the introduction. If a G (Q fl Z p ) r , then there exists 

/ G Z^i such that (p^ — 1)5 G Z r : the minimal such / will be called the period of a, and we will 
say that a is of finite period f. So, if a is of finite period /, we may arrange the previous choices 
so that a^l = a. 

If [7 is an open formal subscheme of X and ip is a lifting of Frobenius on [7, adapted to DnU, 
the map 

^XV>/Z H ) : (V x T M [il )*(^°')|(7xD(-pW,p) > £\UxB(-jlW, P ) 

is represented, in terms of a basis of global sections e of £0 over U, by a matrix of functions 
meromorphic in U x D(— fi\ l \p). So, for a G i?(V), outside of a well-understood polar locus (e.g. 
if li(a) $l Z, for i = 1, . . . , N), the previous map can be specialized to induce a meromorphic map, 
necessarily horizontal, 

F(^;aW,a [4+1] ) : fa'fon+i] . V^+n )° )\U — , V sW ),„ . 
If moreover a is in if(Q n Z p ), say = a, our assumptions imply that 

{Zsifh V s m ) = (£a, V s ) , 
and, outside of some polar locus (e.g. if £j(a^l) ^ Z, for i = 1, . . . , N and j = 0, ...,/— 1), that 

Ffo>; St*" 1 ] , ) o F(^; a^- 2 ! , a [/ " 11 ) ° ° F(^; a' ' , a' 1 ' ) 
is a meromorphic horizontal map 

F(</;a) : (</)*(£ s ,V s )fJ — (^Vs)^. 

The structure (£a, Vs, F( — ; a)) is then a logarithmic F-crystal on (X, D)/V for the /-th iterate 
of the Frobenius, in the usual sense. 

The convergence assumption now implies, by [Ka, 3.1.2], that the solutions of (£5, Vg) at any 
rigid point x of the Raynaud generic fiber Xk of X, not in the open tube of converge in the 
open tube of radius 1 around x. Therefore, by [BC1], the holomorphic part of the solution matrix 
at a point of Dk, in the sense of the classical theory of regular singularities, converges in the open 
tube of Dk. 

2.8. We now propose an extension of 1.5 for divisible Dwork families of logarithmic F- 
crystals. This paper gives an example of this situation in relative dimension 1. 
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Question. Let (X, D) be as in 1.2. Let (£, {Fil 2 £ = C Fil 1 £ c Fil°£ = £}, V, {b s } SeI ,r , F) 
be a divisible Dwork family of logarithmic convergent filtered F-crystals on (X, D) /V, parametrized 
by H = Spf Z{ai, . . . , a r }, with set of singular forms £ — {£\, . . . , £n}. Let us assume that, for 
any a £ i?(Z p ) of finite period f, such that £i(a) ^ Z, for i = 1,...,N, the divisible logarithmic 
F-crystal (£ s , {Fil 2 £ s = C Fil 1 £ s C Fil°£ s = £ s }, V s , F{ - , a)) over (X, D)/V for the f-th or- 
der Frobenius, admits a logarithmic unit root F -sub-crystal (Us, Vs, F( — , a)), whose underlying 
module Us is transversal to Fil 1 £s (i.e. £s = Us © Fil 1 £s). Then does there exist a logarithmic 
sub-crystal (U, V, F) of (£, V) on (Xh, Dh)/H, stable under the map F, in the sense that for any 
(U,ip) as above, for any p, £ Z r , and any p = p~ s < 1, F induces a meromorphic morphism of 
logarithmic crystals over (U x D(— fl, p), D x E)(— p,, p))/U>(—j2, p) 

F((p,p) : ((p x ts)*(U' 7 )\ U ko(-ii,p) — * U\ux®{-p,,p) , 

whose underlying module U is transversal to Fil 1 £ (i.e. £ = U © Fil 1 £) and whose specialization 
at any a G H (Q fl Z p ) coincides with (Us, Vs, F( — , a)) ? 

We remark that the rank of the underlying modules Us may vary with the class of a mod 
p. We treat a simplified version of the previous question, where we restrict our parameters a 
to a bizarre subset 7~2 of H(Z p ), stable under the map a i — > a^ 1 ', and such that the filtration 
Fil 2 £ s = C Fil 1 £ s C Fil°£s = £s of £s is independent of a e T 2 . 

3. The hypergeometric family. 

A very interesting example of the preceding situation is connected with the hypergeometric 
system: 



dY 

= YG S (X), a = (ai, &2, 03) £ Zp 




where 

G S (A) 

In this case, the relevant linear forms are 

C = {£i(a) = a 3 - 01 , £2(0) = a 3 - a 2 , £3(0} = a 2 , £i(a) = a\} . 

We denote by Cg(z, A) the matrix solution at z ^ 0, 1, 00 such that Cg(z, z) = I 2 , the 2x2 identity 
matrix. When the entries of a are rational, that matrix converges if |A — z\ < \z\ min (1, |1 — z\) 
[LDE] . 

3.0.1. The F-crystal structure of the hypergeometric system is expressed by the following 
data. We take a, b £ l? v , pb — a = p £ Z 3 , ip any lifting of Frobenius on an open formal subscheme 

U of P, adapted to D = {0, 1, 00}. We obtain a matrix 7^ (a, b; A) meromorphic in the variables 
(a, b, A), fpr fixed p, such that: 

CZ (ip(z), ip(X)) 7 (v) (S, b: \Y = 7^) (a, b; z) t Cs(z, A) , 

whenever Cg(z, A) converges; this holds, in particular, if a £ (Q fl Z p ) 3 , z ^ 0, 1, 00 and |A — z\ < 
\z\ min (1, |1 — z\). Notice that we transpose the Frobenius matrix ^ v \a, 6; A) in this formula in 
view of compatibility with the notation of Dwork in [Ku] and [GHF] . 

3.0.2. We assume in our calculations that the local monodromy semisimplc. 

In the singular classes we formally write the solutions in the form: 

A"«3 ) U s W u s (°) - ^ 1 _ fl3 o 



(1 - A) a3 - ai ~ a2 J s v ' s v ; ^ ai +a 2 -a 3 

A -a 2 J U s (A) U 3 (00) - I 2 _ ^ + 1 a2 _ ai + 1 
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Under suitable assumptions on a, Ug\\) is a holomorphic matrix on the residue class of i € 



{0,l,oo}. Let Ui l \\) 



(*) (») 



"1 



'2 



for i £ {0,1, 00}. We know that 



4 0) 

.(0) 



= (03 - a 2 )F(a 1 ,a 2 ,a 3 + 1; A) 
= a 3 F(ai,a 2 ,a 3 ; A) 

= (1 - a 3 )F(a 2 - a 3 , 01 - a 3 , 1 - a 3 ; A) 

= (a 3 - ai)AF(l + a 2 - a 3 , 1 + 01 - a 3 , 2 - a 3 ; A) 



(i) 
1 

(i) 
2 



(ai + a 2 - a 3 )F(ai,a 2 , a± + a 2 - a 3 ; 1 - A) 
(cti - a 3 )F(ai, a 2 , 01 + a 2 - a 3 + 1; 1 - A) 
= (a 3 - a 2 )(l - A)F(a 3 - a\ + 1, a 3 - a 2 + 1, a 3 - ai - a 2 + 2; 1 - A) 
k = (ai + a 2 - a 3 - l)F(a 3 - ai, a 3 - a 2 , a 3 — ai — a 2 + 1; 1 — A) 



,(00) 
n 

,(00) 

*2 

,(oo) 
,(00) 



(a 3 - a 2 )F(ai, ai - a 3 , 01 - a 2 + 1; A -1 ) 
(a 3 - ai)F(ai, 01 - a 3 + 1, ai - a 2 + 1; A -1 ) 
(a 2 — ai + 1)-F 1 (»2 — a 3 ,a 2 ,a 2 — a\ + 1; A -1 ) 
(a 2 — fli + 1)-F( a 2 - a 3 + 1, «2, a 2 - ai + 1; A -1 ) 



(c/. [Po, §22], or, more precisely, [LDE, Lemma 24.1] for the solution at 0). 

3.0.3. We denote by ipi a lifting of Frobenius to a formal neighborhood £/, of i £ {0, 1, 00}, 
adapted to i. Since <^o(A) = A p (1 + eXu(Xj) with |e| < 1 and u(X) E V [A], we have that 



yo(A) 6 

\a 3 



A M3 (1 + eA«(A)) 



where u(A) G V [A] converges inside a disk of radius > 1, and 




63 



E/f (A) . 



Similarly, 

^ 1)CT (^ 1 (A)) 7 (¥ ' l) (a,6;A)* = 



tf>(*,S) (1 



, i(A))bl+b2 ^3 I t;(l) (A) 



(1-A) 



ai +o 2 — 03 



and 



[/( 00 ^( Voo (A))7 (v ~ ) («,&;A) i 



^co(A) fc 







\ 



Inspection of the dominant terms at A = 0, 1, 00, makes it clear that, for any i = 0, 1, 00 and 
j = 1,2, the functions tfj\a, b) have the same p-adic meromorphic behavior as the entries of the 
function y( Vi \a, b; A), with possibly some extra poles. This might be surprising, since the matrix 
ui l \\) itself is not a p-adic meromorphic function of (a, A). 

3.1. Determination of Frobenius matrix. 

3.1.1. For the calculations we use notation and results of [Ku]. In that paper, Dwork 
investigates the effect of Kummer transformations on the solutions of the hypergeometric equation. 
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We need a generalized form of the theorem in [Ku, §4] , where only the standard lifting of Frobenius 
A \p is considered. We rewrite the original statement as 

H m (a, A) 7 (M m (a), M m {b);$ m {X), ti m (\ p )) = 7(3, b, X)H^(b, X p ) 

(this is possible once we make explicit h m (a, b, A) = h m (a, A) jh a m (\), A p ) and H m (a, A) = h m (a, X)N m (X) 
in the original formula 

h m (a, b, A) 7 (M m {a), M m (b); tf ro (A),tf m (A p )) = ^ r m(A)~ 1 7(a, 6, X)N m (X p ) 

of Dwork's article). Our generalized statement is then 

Theorem. Let A i— » </?(A) be a function analytic in a region of the type 

inf {jA|, IA" 1 !, |1 - A|} >l-e 
for some £ > and "dose to Frobenius", in the sense that 

\v>W - A p | < 1 
for every A for which |A| = 1 = |1 — A|. Then 

H m {d, A) 7 (M m (S), M m (b); i? TO (A), tf ro (^(A))) - 7 (a, 6; A, p(A))#* (6, y>(A)) 

We also write the previous formula in the form 

ff m (5,A) 7 M (M m (a),M m (b);tf m (\)) = j^H^b; X)H^(b,tp(X)) . 



Proof. We first use formula (3.1.7) of [Ku] for the variation of the lifting of Frobenius, 
we then apply the original statement, then formula (2.9) of [Ku] (behaviour of solutions under 
Kummer transformations) and finally again (3.1.7) of [Ku]: 

ff m (a,A) 7 (v) (M m {a),M m {b);d m {X)) = 
= H m (a, A) 7 ( A ^ AP ) (M m (a),M m (6);tf m (A)) C Mm(fc) (^ m (^(A)),^ m (AP)) t = 

= 7 (^)(«,MK(MT Mm(i ) (^(A)),^^)) 4 = 

= 7 ^ AP ) (a, b; A)C^(A), A")*^(6, p(A)) = 
= 7 M(2,6;A)ff£(&, ¥ >(A)) . 

□ 

3.1.2. Notation. In the following formulas we use Dwork's symbol j p (x,y) defined in 
[LDE, ch. 21], for py - x = p G Z and d{x,Z) sC p" 1 , by 

for any to, n G Z and 

7 P (z,y) = 7rT p (a;) 

if /x G {0, 1, . . . ,p — 1}. Here ir is a fixed element in Q p such that 7r p_1 = —p. We recall also the 
symplectic relation 

lp (x,yh P (l-x,l-y) = (-r- x p 
(equivalent to r p (a;)rp(l — x) = — (— )* with t = —x modp, t G {0, . . . ,p — 1}). 

3.1.3. For the Frobenius matrix at the origin, Dwork [LDE, ch. 25] obtains the values: 

AO),-. A _ Ip(a2,b 2 hp(a3 ~ Q2, h ~ b 2 ) 
Cl [a ' b) ~ 7p (l + a 3 ,l + 6 3 ) 

42 1 ' j 7 P (l + a 3 -a 1) l + 6 3 -6 1 ) ' 

We complete his calculations: 
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3.1.4. Theorem. 



£\a,b) = (-)*%< 0) (M«(a),MW(6)) 



ef } (M (oo) (a),M (oc) (fe)) 



where j = 1, 2 and 



M (1) (a) = (ai,a 2 ,ai + a 2 - a 3 ) 
M (oo) (a) = (ai,ai - a 3 ,ai - a 2 ) . 



Proof. The argument is to compare the Frobenius action at infinity with the Frobenius 
action at the origin by using the transformation i?g of [Ku]; then to compare the Frobenius at 1 
with the one at infinity by using the transformation i?n of [Ku]. We need for a lemma relating the 
analytic part of solutions at a point and its image: 

3.1.5. Lemma. 

where the transformations are named after Dwork's tables in [Ku]. In particular #g(A) = A -1 , 
5 (A) = 1-A, 1 ? 11 (A) = (1-A)- 1 . 

Proof (Lemma). For convenience we report the essential information about the transfor- 
mations we need, from Dwork's tables in [Ku]: 



N g (a) 



9 (A) = A- 1 

flg(3, A) = (_)»s-ai-o 2A -oi 

h 9 (a,b,\) = (-)w+w-wa-w 
t? 6 (A) = 1-A 
^(a, A) = (-) a2 

LM^M) = (-)-"' 
t? 11 (A)-(l-A)- 1 

Ma,A) = (-) o »- oa (i-A)- ai ^n(S) 

L/ 111 (a,6,A) = (-r-^az^ 



M 9 (a) = (ai,ai - a 3 ,ai - o 2 ) 
1 
1 -1 



M 5 (a) = (ai, o 2 , ai + a 2 - a 3 ) 

r 

1 



iV 5 (a) = 



Mn (a) = (ai,a 3 - «2,ai - a 2 ) 
1 -L 
1 



Moreover H m (a, A) = /i m (a, X)N m (a). 

From [Ku, §2], for a solution matrix Cs(x, A) of the hypergeometric system at a point x, then 
C Mm (^(x,-d m (\))H m (a, A)* is a solution matrix of the hypergeometric equation at i & m (x). So 











AO) 



is a solution at infinity; comparing with the solution in 3.0.2 we obtain the first formula. 
For the second we start with 



1 

tf 5 (A)- M5 



( 3 ),)^ffi( a) (*5(A))F5(a,A)*= =(J (1 _ A) i- Bl -«)^S ( 3) 



(0 9 (AM 



5 ) 
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a solution matrix at 1, and compare it with the given solution at that point. For the third we 
begin with 

/tf n (A)- Mll(5)l \ (oo) t _ 

^ ft^M^sh-M^sh ) U Mll{s) {Vii{\))H n {a,\) - 

1 \ r .(oo) 



(1-A) 



as— ai — a,2 



and use the same argument. □ 
We now come to the proof of our theorem. For the second formula, we use the standard lifting 
of Frobenius, adapted to the origin and to infinity, A i— > A p , to write 

U(oo) a (AP) {s b;X) t =( ( "' b) AW (oo) ° _ ) (A) . 
Using the lemma and the following formula of [Ku §4] : 

7(5, b; A)* = h m (a, b; A)AT 7 (m to (S), M m (6); <? m (A))*JV^ , 
for m = 9 and h 9 (a,b;\) = (-^i+^-ms^i, W c obtain 

(00 ) , , 

= {\i*i+i*2-H3 ( £i°° ^ r/(°) fl 

1 J V ^(a,^-^ m 9 (S)^ a 

On the other side, from the solution at the origin, by using M 9 (o) instead of a and 1/A instead of 
A, we can write: 

/ d° ) (M 9 (a),M 9 (6)) \„ (0) (I 



C2 0) (^9(a),M 9 (6))A' M9 ^ 3 y \\ 

Comparing (00') with (00"), and defining M(°°) = M 9 , we conclude. 

For the first formula of the theorem, we consider the lifting of Frobenius, adapted to one and 
infinity, A 1— » </?(A) = 1 — (1 — A) p , and we write 

[/« CT MA)) 7 ^(a,6;A) t =f^ )( "' ?) m . ° )u£\\). 
b ^ " v ; ^ Q £«(eT,&)(i - a v y 

By the lemma, and replacing (1 — A) -1 by A, we have 

Mn(6) V ; 11 ' \'' \J \ ^(^^A^-^-^y M 11 (a)\ > 11 

Now, the transformation $7 is inverse to "&\\. We use again the formula of [Ku §4], specialized to 

7 ^(a,M 7 (A)) t = h 7 (Mn(S),M 11 (by,X)- 1 N t 7 ^\Mu(S),Mu(by,X) t N; 
with /i 7 (Mn(a),Mn(6); A) = (-)-MuW'\MnWi = (_)m-m2 A mi ; to obtain 
U mmS } (A ? )l W (^ii(S),Mii(i);A) t = 

12 



On the other side, using the solution at infinity, and Mn(a) instead of a , we can write: 

/^°° ) (M 11 (a),M 11 (6))A^ 1 (« 1 \ (oo) 

V ^° c) (M 11 (a),M 11 (&))A M "(^y M "W y} - 

Again, comparing (1') and (1") gives the equalities, for j = 1,2, 

^\a,b) = (MH(a),M n (6)) . 

Finally, using the formulae for we obtain the results, where we define := M 5 = MgoMu. 
□ 

3.2. The unit root subcrystal. 

We know that, under the conditions jl G {0, 1, ... ,p — l} 3 and 
(1) < min(/ii,^ 2 ) 



or 



(2) p 3 > max^i,^) , 

for any lifting Frobenius ip the matrix 7(^(0, &; A) is of the form 

(1) 



^pC pD 



or 



(2) 



pA pi? 
C D 



respectively, where A,B,C,D are analytic functions, bounded by 1 on a domain of the form 
D{— p,p _1 ) x S e where 

S s = D(0,s- 1 )\(D(0,s)UD(l,s)) 

for e G (0,1). 

Moreover, for each jl as before, there is a polynomial Fp(X) G Z[A], of degree p — 1, such that 
the region \Fp(X)\ < 1, consists of p — 1 residue classes, called supersingular with the property 
that, for any hypergeometric system with parameters a G D{— jl, p -1 ), on all classes D(z, 1~) not 
singular nor supersingular, one has |A(^)| = 1 (rcsp. |.D(z)| = 1) in case (1) (rcsp. (2)). 

In case (2) we define 



Ti = [a G Z 3 /i o ( 4) > max(/i o (i),^ o ( 4) )Vi| 
ff 2 = {AeP^|3aeT 2 ,i. IW)l<i} 
£2 = P^™ 9 \ (singular classes U H 2 ) . 



So S2 is the complement of a finite number of residue classes, and, for any lifting of Frobenius 
ip : S2 — > £2 wc consider the map 

Tp : T 2 x S 2 — ► T2 x S2 
(a, A) — > (a>(A)). 
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The search for the unit root F-subcrystal entails to write the bounded solution inside a residue class 
D(z, 1~) C S 2 as (i]u, u). Such a solution is an eigenvector of Frobenius with a unit eigenvalue: 

Tp*{r]u,u)"f^ = £(r]u,u) 

with |£| = 1. So we have 

_ pATp*{rj) + C 
71 ~ pBtp*(ri)+D 
and this proves the analyticity of r\ in T 2 x ^2, because the function 

pATp*(uj) + C 



(M) 



pBTp*(u) + D 



is a contraction of the Banach space of analytic functions bounded by 1 on 72 x 52. 
The unit root F-subcrystal is then defined over T 2 x £2 by 

v! _ a 3 — ai a\ + a 2 - a 3 
~l = 1-A 11 + ~ A ' 

Our main result is that, if <p is adapted at the singular point z G {0,1, 00}, then the map M. 
is a contraction of the space of analytic functions bounded by 1 on T 2 x D(z, 1 _ ). Therefore rj 
admits an extension inside the three singular classes (unless they are at the same time supersin- 
gular!) and therefore the unit root F-subcrystal also extends as a logarithmic F-subcrystal of the 
hypergeometric system everywhere except on the supersingular locus. Moreover, this logarithmic 
-F-subcrystal is not singular (i.e. it is an F-crystal in the usual sense) in the class D(z, l~) for 

z G {0, 1, 00} if and only if the bounded solution is holomorphic, that is, if and only if ^ = 1. 
3.3. The Koblitz-Diamond formula. 

Under the hypothesis a G T 2 we have a')\ = 1, so the first row of is bounded 

by 1, i.e. the unit F-subcrystal is not singular in the class D(Q,1~). The hypothesis of the 
Koblitz-Diamond theorem implies in fact that the same is true in the class D(l, 1~). Then under 
these hypotheses the unit root F-subcrystal is a crystal in the usual sense in a region containing 
both classes D(0, 1~) and D(l, 1~). The bounded solution in these two classes is (u^\u 2 z ^ and 

(z) 

u 2 

Let ip be a lifting of Frobenius to the formal affine line A, adapted at and 1 : for example 
one could take ip (tza) = (t^a) ■ ^ c notc that, if $ indicates the transformation A 
one obtains 

A = iT 1 (0(A)) = -J— o • A 



1-A' 



therefore 



1+f 1-A 

<p{\) = tf" 1 (0(A)") = XVI }]7 X) l, = - ^ = A* (1 - pXP(X)) 1 

ry ' v v ; y i + Ap/(1-A)p (1 - X)p + \p v v v " 

p- 1 1 /V 



where F(A) = £ - (-^\ hence <p{\) G O (A) . In similar way we obtain 

i=i P W w 

p(l - A) = (1 - A)*(l -p(l - A)F(1 - A))" 1 . 

From the formulas 
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for z E {0, 1}, we obtain 



and (dividing by ip* 

(&)) 



Jz) 



for z E {0, 1}. Then, if ip is adapted to and 1, we have the equality 



(a, a') (a; A) = (a, a') -± ^) , a 2 , ai + a 2 - a 3 + 1 ; 1 - A) 

as analytic functions on T 2 x (52 U D(0, 1~) U D(l, l - )). Now, we are dealing with the Frobenius 
matrix F(ip) for an F-crystal non-singular at and 1, so we can forget the restriction that ip be 
adapted to the singularities, that is we can replace ip in the equality with the standard Frobenius 
A \p. Evaluation at A = 1 then gives 

Ci '(a,a)—F(a;l) = Ci (a, a)- T 

a 3 a 1 — a 3 



T{d- 1) = 



4 _ ai - a 3 _ £^\a,a") 
a 3 a[-a 3 ^["\a,a') 



This equality is essentially the Koblitz-Diamond formula. In fact, for pb — a = j2, we can rewrite 
the r.h.s. as 

63 ^ ai - a 3 ^ ^(a, 6) _ 
a 3 bi 



.^2 

_\H2 



- & 3 tf\a,b) 
63 ai - 03 (,[°\a 1 ,a 2 ,a 1 + a 2 - a 3 ,bx,b 2 ,bi +b 2 - b 3 ) 



a 3 b i-h ^i 0) (a,fo) 

63 ai - a 3 7p( a 2, b 2 )j p (ai - q 3 , 61 - b 3 )j p (l + a 3 , 1 + 63) 

a 3 61-63 7 P (ai + a 2 - a 3 + l,6i + 6 2 - 63 + I)7 p (a2,6 2 )7p(a3 - a 2 ,6 3 - 6 2 ) 

M2 7p( fl l - «3 + 1 A - ^3 + l)7p(«3) 63) 

7 P (ai + a 2 - a 3 + 1, 61 + 6 2 - 63 + l)7 P (a 3 - a 2 , 6 3 - 6 2 ) 

^ 7r^i+^2-M3+ir p (ai + a 2 - a 3 + 1)^-^2^(03 - a 2 ) 

y 2 r p( fl i - a 3 + l)r p (a 3 ) 

T p (a 1 + a 2 - a 3 + l)r p (a 3 - a 2 ) 

)IU (-r^ 3 r p (a 3 -a 2 - ai )r p (a 3 ) 
r p (a 3 - ai)r p (a 3 - a 2 ) 
r p (o3 - a 2 - ai)r p (a 3 ) 
r p (a 3 - ai)r p (a 3 - a 2 ) 



-) 



4. Appendix: determination of Frobenius eigenvalues Ma modular relations. 

4.1. Our calculations are based on the Dwork's article [Bo] §3. In particular, we recall the 
interplay of the base change matrices B(a, 6; A), for a = 6 mod Z, of loc.cit., with solutions 



C s (z, X)B(a, a + u; A)' = B(a, a + u; zfC's+siz, A) 
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and with Frobcnius matrices 



B(a, a + u; X)j M (a, b; A) = ^ (a + u,b + v; X)B(b,b + v; <p(A)) 

(the second formula follows from the first using the Frobenius action 3.0.1 on solutions). 
4.1.1. For z = 0, 1, oo, we use the solution matrix of 3.0.2 

C s (z,X) = l z (X) D ^U { s z) (X) 

where l z {X) = A, 1 — A, A -1 , and 

Dz ^ = (o -o 3 )' (0 03-01-02)' (o 2 03)' 

respectively. We notice that B(a, a + u; zYCs+a( z , A) is a solution at z of the system ^ = 
YGs+u{X), so that we can write 

l z (X) D ^U^(X)B(d,a + u;X) t = Al z (X) D * (s+s ^%(X) 

with A diagonal and, using that l z (X) Dz ^ is a diagonal matrix, the formula gives 

(4.1.2) u(%(x) = (^ Z) f*) ] IiW - B .wo<.) (W3+ a; A) . . 

\ a 2 (a, u) / 



4.2 From this we make explicit calculations at the singular points using the solutions written 
in 3.0.2. 

( z) 

4.2.1. Lemma. With the previous notation we have the following values for the terms oq : 



at the origin 



(0)/-. - X , (0)/-. X fl l 

ai (a, ei) = 1 a 2 (a, ei) — - 

(0)/_ x 03-02-1 (0) /-* -» X 

a) '{a, e 2 ) = «,e2j = -1 

a 2 



ai - a 3 



at 1 



and at infinity 



(0)/-.-.n o 3 + 1 (o),-.-,.. 01-03-1 

«i a, e 3 = a 2 a, e 3 ) = — 

03 - a 2 o 3 - 1 

(i)/^^x 01 + o 2 - a 3 + 1 01 

ai'(a,ei) = a 2 '(a,ei) = ■ 

01 — a 3 1 -■ 

(i),-._x a 3 - 01 - a 2 - 1 (i),__x 

a\'(a,e 2 ) = a 2 '(a,e 2 ) 

a 2 

a\ (a, e 3 ) = ■ a 2 (a, e 3 ) 

ai + «2 - 03 A3 - «2 

( 00 1 / — > — * \ ai - a 2 + 1 (tx>)/^^x ai 

; (a,ei) = a 2 '(a,ei)- 



ai + a 2 - 


a 3 - 


1 


a 2 - a 3 


+ 1 




a 3 — ai — 


a 2 + 


1 


ai + a 2 - 


«3 - 


2 



a 3 — ai 01 — a 2 — 1 

( 00 ^ / — > — * \ CL3 - a 2 - 1 (00)/^ a 2 - ai + 2 

'(a,e 2 ) = a 2 '(a,e 2 ) = 

a 2 - ai a 2 

(00) /_ x a 3 - ai + 1 (oo)/__n -, 

ai ; (a,e 3 ) = a\ ; (a,e 3 ) = l. 

«3 — a 2 

Proof. The computation follows in every case the strategy of the previous section. For 
example, in the calculation of a- ^ (a, e*i), we specialize u = e\ = (1, 0, 0) so a + u = (ai + 1, a 2 , 03). 
From [Bo] we read 



B(a,a + e 1> A) - ~ _ ^ Bl -A(a,-.,) 



1-A 
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and we can specialize our general formula (4.1.2) to 

U£LW = (^f^ (0, ° ^)hU?\x)B(a,a + e i; Xy 
V ay(a,ei)/ 

(the singular parts in this case disappear). Using the solution matrix of 3.0.2 evaluated for A = 
(i.e. we consider only the constant term of the expansion w.r.t. A), we obtain: 

a.3 - «2 a 3 \ _ f a ( "\a,ex) \ / a 3 - a 2 a 3 \ 1 / Oi - a 3 



l-«3 Oy ^ o 4 0) (a.ei)/ V 1 ~ °3 0/ ai \«3-«2 oi 

from which the results for a^(a, e*i) and a^(o, ei) follow: 

(a 3 -a 2 a 3 \ _ f af\a, e*i) A/ 01(03-02) aia 3 \ 

ai W-a 3 Oj ^ af(5,gi)>/ U 1 - «3)(ai - 03) J" 

In other cases a more precise evaluation of the matrix solution is necessary. For example, in the 
calculation of oip(a, e*i) we can specialize our general formula (4.1.2) to 

U&W - ("*"<**> (J (1 %) ,l"(A, B (, a + , i; A). ^ 

In this case we use the evaluation at A = 1 and it is convenient to write the matrix B(a, a + e*i; A)* 
in the form 

B ( o,o + e i; A)< = l( ai - a3 . (« 1 -«3) + (a 1 -a3te 

aiVa3-a2 (a 3 - a 2 ) + + a 2 - a^j^ 

We need the lowest order term in the expansion w.r.t. (1 — A) for the solution given in 3.0.2. We 
obtain the equality 



01 



01+02-03 + ! 01-03 + 1 
ai + a 2 — a 3 

Wfpf n \ {„.(„. _„„^ ~ (~ ~.\ 01-03+1 



= fa\ 1 >(a,e 1 ) \ (01(01-03) 01(01 - o 3 ) ;^gg±^. 

V a£\a,ei))\ («i + a 2 - a 3 )(oi + a 2 - a 3 + 1) 

from which the result follows. The other cases are obtained in a similar way. □ 
4.2.2. Wc have the obvious relations 

a[ z ^ (a, u + v) = a\ z ^ (a + u, v)a[ z ^ (a, u) and a\ z>> (a, 0) = 1 . 



So, if wc write 



we have the following 
Lemma. 



<Pi (o) 



„(0) (a) = -j^ + lj - ^ (o) = (-)« 



r(a 2 )r(a 3 -a 2 ) ^ w v , r(ai _ a3)r(a3 _ x) 

^ ® = ( - r ^rP^ ^ W = vT^ T - M ^vi T 

r(a 2 )r(ai - a 3 ) r(ai + a 2 - a 3 - l)r(a 3 - a 2 ) 

(.(<») ^ - ( ^1+02+03 r(ai-a 2 + i) m (1 _ , r(oi) 

^ (<X) - ( } T(a 3 o 2 )r(oi - a 3 ) ^ 2 ( ° } " ( } r( 0l - o 2 - l)T(a 2 ) " 
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Proof. This follows directly from the previous lemma, using the functional equation T(x + 1) = 
xT(x) (i.e. T(x — 1) = Y(x)/(x — 1)) for the (classical) Gamma function. □ 

l z) -> ~ ' 

4.3 We now deduce the modular properties of the Frobcnius eigenvalues Q (a, b) in terms of 

( z) — • 

the a\ (a, u). The Frobenius action of 3.0.1 adapted to a singular point, on solutions at the same 
point, gives 

U, U) 

and, the singular part of solutions being diagonal, 



^(,(A)) 7 M(a,M) f = {^f^ ) l z {\) D ^l z {^X))- D ^\\) . 



We make the substitutions atoa + ii and b to b + v: 



U^(X)h ( ^(a + u,b + v;XY 
t[ z) (a + u,b + v) 



Q >{a + u,b + v 

then we apply the translation formulas on solutions and Frobenius: 



i z {\) D ^K^{\))- D ^u^J\) , 



a[ z) (b,v) 
a ( 2 z) (b,v) 



l z { V {\)) D ^- D ^U^\^\))B{b, b + v- V (\)Y 



B(b,b + v; ip(\))*"f {ip) (a, b; A)*B(a, a + u; Xf 

V Q (a + u,b + v) / 

a[ z ^ (a, u) 

a 2 z>> (a, u) , 



, ) l z {X) D ^- D ^ s+ ^U { s z) (A)B(a, a + u; A)* 
u)J 



We finally make the possible simplifications and use Frobenius on the left 

'a (z \b,v) \ (^\d,b) 



a[ z \b,v) J V &\a,b) 
t[ z) (a + u,b + v) \ fa[ z \a,u) 

S} 2 ] \a + u,b + v) J V a { 2 \a,u) 



lz{X) D z[S)u {z) {x) = 

l z (X) D ^U { s z) (X) . 



From this formula we deduce 



a[ z \b,v) \ (£,[ z \d,b) 



£,[ z) (a + u,b + v) \ f a[ z \a,u) 



that is 



a 2 z \b,v)J\ ^ 2 z) (a,b) 

o \ /«« 

Z { 2 z) (a + u,b + v) J V a { 2 \a,u) 

e\a + u,Uv) = ^^&\ S ,b) 
a] >{a,u) 

for i = 1,2, which express the modular properties of ^ z \a, b). 
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4.3.1. Lemma. Let i?(a, b) be a function defined for all (a, 6) £ Z?(0, l) 6 , with pb - a e Z 3 . 
We assume that d is a p-adic analytic function of (a, 6), for fixed fl = pb — a e Z 3 , subject to the 
modular properties 



for every u,v £ Z 3 with 



and 



d(d+u,b + v) = 4MU(a,6) 
a(a, u) 



a(a,u) - 



p(a) 



ne 2 (d))T(e 3 (d)) 

where the £i(a) are linear functions of ai, a 2 , a 3 . Then, up to a multiplicative constant, i3 is of the 
form 

7p(^i(«)^i(6)) 

Proof. It is sufficient to check the modular properties for t?(a, 6): we have 

$(a + it, 6 + if) V>(o) <p(6 + u) 
t?(a, 6) ~ + m) <p(6) 

= r(4(a)) r(i 2 (a + g))r(i 3 (a + g)) rje^b + v)) r(£ 2 (b))r(£ 3 (b)) 

T(£ 2 (a))T(£ 3 (a)) " T(4(a + u)) " T(£ 2 (b + v))T(£ 3 (b + v)) r(^(6)) 
= r(4(a))r(4(b) + liQ?)) r(£ 2 (a) + £ 2 (u))T(£ 2 (b)) T(£ 3 (a) + £ 3 (u))T(£ 3 (b)) 

r(^(S) + 4(«))r(4(6)) iW3))r(* 2 (S) + * 2 (tf)) r(4(S))r(4(S) + 

and the result follows using the modular properties of the function 7 p . □ 
4.3.2. Corollary. For be D(0, l) 3 , pb-ae Z 3 , then: 

,(0) r A _ 7p(«2, ^2)7p(«3 ~ 02, &3 ~ 62) 

?1 1 ' j ~ 7p (a 3 + 1,63 + 1) 
^ 0) (a 6) = ( ) U , 7p(«i -Q 3,fri - 6 3 )7p(a 3 - 1,63 - 1) 



7p(«i,6i, 

^ 1} (a 6) = ( y-> 7p(«2, & 2 )7p(«i - Q3, h - 63) 



7 P (ai + a 2 - a 3 + 1, 61 + 6 2 — 63 + 1) 



M),-. A _ 7p(oi + Q2 - Q3 ~ 1, b\ + b 2 - b 3 - l)j p (a 3 - a 2 , b 3 - b 2 ) 

lp{aiM) 

*(°o) (!f IS _ / y, 7 P («3 ~ a 2 , 63 ~ b 2 )7 P («i - 03, 61 - 63) 

V l ' 7p(oi- 02 + l,6i-62 + l) 

^r' uT./; )= (•-■) 



:(°°)^ ft - (- ^2 >( ai ~ fl 2 - 1, 61 - 6 2 - 1)7p(«2, 62) 



7p(ai,6i) 
up to multiplicative constants. 

(z) 

Proof. Use the previous lemma and the modular properties of the functions Q for i = 1, 2 
and 2 G {0, 1, 00}. □ 
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